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Chapter 2. Boundary-Value Problems in Electrostatics: 

Method of Images and Expansion in Orthogonal 

Functions 

2.1 Method of images 

The method of images is based on the uniqueness theorem: for a given set of boundary 

conditions the solution to the Poisson’s equation is unique. Figure 2.1 compares two different 

external charge distributions, (a) , and (b) q, q’, q’’, … , but the boundary conditions of the 

two systems are identical. Then, the potentials are same inside the regions. The image charges 

must be external to the volume of interest. 

 
Fig  2.1. Method of images 
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Fig  2.2. Problem of a point charge and 

conducting plane solved by means of 

the image-charge method: (a) original 

problem, (b) location of image charge,  
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A point charge q is placed near a conducting plane of infinite extent (see Fig.2.2a). The 

boundary condition is that     on the surface of the conducting plane. Let the conducting 

plane coincide with the yz-plane and the point charge line on the x-axis at x=a. Consider now a 

system of two point charges a distance 2a apart as shown in Fig. 2.2b.  

Potential 

The potential of the two charges , 
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satisfies not only (i) Poisson equation for x>0 and (ii) the boundary  at all points exterior to the 

charges, but also the boundary condition of the original problem. Therefore, Eq. 2.1 is the 

correct potential in the entire half-space exterior to the conducting plane (x>0). 

Induced Surface charge 

The surface charge density induced on the conductor 
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where         . The charge q is attracted toward the plane because of the negative 

induced charge. The force acting on the charge is 
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Fig  2.3. Point charge q (at z=d) in the 

vicinity of a grounded conducting sphere 

(radius a); q’ is the image charge (at z=b). 
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Figure 2.3 illustrates a point charge in the vicinity of a grounded conducting sphere of radius a. 

It is convenient to formulate the problem by means of spherical coordinates, with the origin of 

coordinates at the center of the sphere. Let the charge q at z=d on the z-axis. The boundary 

condition,  (   )   , can be satisfied by an image charge q’ inside the sphere (z=b).  

Potential 

The potential due to the charges q and q’ 
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These equations specify the location and magnitude of the image charge q’. 

Induced Surface charge 

The surface charge density induced on the conductor 
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The total charge induced on the plane is 
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The charge q is attracted toward the sphere because of the negative induced charge. The force 

acting on the charge is 
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Conducting sphere of nonzero potential 

A second image charge q’’ may be placed at the center of the sphere without destroying the 

equipotential nature of the spherical surface. The magnitude of q’’ is arbitrary; it may be 

(2.5) 
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adjusted to fit the boundary conditions on the problem. The potential at all points exterior to 

the sphere is 
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The potential of the spherical conductor itself is  
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The total charge on the sphere Q is equal to the sum of q’ and q’’.  

 For an uncharged spherical conductor, Q=0, therefore,         
 

 
 .  

 For a biased spherical conductor,  (     )   ,           . 

Green function for the Sphere 

 

The Green function appropriate for Dirichlet boundary conditions on the sphere of radius a is 

expressed as   
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where the following conditions must be satisfied:  (1)     (    )    for      and (2) 

 (    )     for     . The discussion of the conducting sphere with the method of images 

indicates that 
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meets all the Green function requirements. In terms of spherical coordinates it can be written: 
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Fig  2.4. x’ refers to the location P’ of the unit 

source and the variable x is the point P at 

which the potential is being evaluated, or 

vise versa. 
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where   is the angle between   and   . G = 0 if either x or x’ is on the surface of the sphere. The 

solution of the Laplace equation (see Eq. 1.30 with  (  )    outside the sphere) 

                                ( )   
 

  
∫ [ (  )

  (    )

   
]

 
   ,  where  

 

   
  

 

   
 

                                      
 

  
∫ (       )

 (     )

(             )   
    

Where                 is the element of solid angle at the point (       ) and          

                           (    ). 

Conducting sphere with hemispheres at different potentials 

 

As an example of the solution Eq. 2.16, we consider a conducting sphere made up of two 

hemispherical shells kept at their potentials of +V and -V as shown in Fig. 2.5.  
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By changing the variable from x’ to -x’ in the second integral, we obtain  

  (     )  
  (     )

  
∫    
  

 
∫       
 

 
[

 

(             )
 
 

 
 

(             )
 
 

] 

               (2.18) 

z

x

y

+V

-V

(2.15) 

(2.16) 

Fig  2.5. Conducting sphere of radius a 

made up of two hemispherical shells 

separated by a thin insulating ring. They 

are kept at different potentials, +V and –V. 
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 Potential on the positive z axis (     ):    , hence              
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 In the far field, i.e., for     ,   
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2.2 Orthogonal Functions and Expansions 

Laplace Equation in Rectangular Coordinates 
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The variables may be separated by making the substitution 
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whereby the Laplace equation reduces to 

 

 

   

   
 

 

 

   

   
 

 

 

   

   
   

Here the first term depends only on x, the second only on y, and the third only on z. Equation 

2.21 holds for arbitrary values of the independent coordinates only if each of the three terms 

must be separately constant: 
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Arbitrarily choosing         (then,     ), we obtain 

 (     )                 

Thus far there are no restrictions on   and  , but boundary conditions on the problem usually 

restrict them to a discrete set of values.  

Rectangular cavity 

 

Consider a rectangular cavity shown in Fig. 2.6. The boundary condition is that    (   ) on 

the top side while     on the others.  

(i) Using     for            , 
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 Then, the partial potential     satisfying the boundary conditions of     
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(iii) The potential can be expanded in terms of     
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where the coefficients     are determined by the boundary condition    (   ) at    : 
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is a double Fourier series. Therefore, the Fourier coefficients     can be obtained as 
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Two infinite grounded metal plates 

We consider two infinite grounded metal plates lying parallel to the yz plane. One end is closed 

off and its potential is maintained at   (see Fig. 2.7). 

 

Fig 2.7. Two infinite grounded metal plates lie parallel to the yz plane, one at x=0, the other at x=a. 

The left end, y=0, is closed off with an infinite strip insulated from the two plates and maintained at 

   . 

This configuration is independent of z, so this is essentially a two-dimensional problem: 
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Since     for     and  ,   (   ) can be written as 
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Fig 2.8. 3D plot of  (   ) 

The infinite series in Eq. 2.35 can be summed up and its explicit form is 
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Fields and Charge Densities in two-Dimensional Corners and Along Edges 

We consider two infinite conducting planes forming a two-dimensional corner as shown in Fig. 

2.9. The conducting planes maintain the potential at V, while the boundary conditions remote 

from the origin are not specified. We use polar coordinates for convenience. 

     

The Laplace equation in polar coordinates is 
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Separating the variables by making the substitution 
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The solutions to Eq. 2.39 are 
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Hence the general solution becomes 
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where the coefficients    are determined by the remote boundary condition for large  . Our 

interest is in the electric fields and charge distribution around the corner. The potential near 

    is dominated by the first term in the series: 

 (   )       
 
    (

 

 
 ) 

The electric field components are 
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From the geometrical symmetry, we know that the surface-charge densities at     and   are 

equal:  
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Figure 2.8 shows how the surface charge density varies as a function of   for several opening 

angles  . 

 

Fig 2.8.   dependent variation of the surface charge density for various corner angles 
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